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Unary, Binary, and List Operators and Their Precedence Rules

TABLE 5-1: UNARY OPERATORS
OPERATOR | DESCRIPTION
+ Unary plus

- Unary minus

! Logical not

The binary operators include arithmetic and logical operations.

TABLE 5-2: BINARY OPERATORS

OPERATOR DESCRIPTION
+ Plus
- Minus
* Multiply
Divide
Power
== Equal
1= Not equal
> Greater than
>= Greater than or equal to
< Less than
<= Less than or equal to
&& Logical and
I Logical or

In addition, you can use e or E to represent the power of 10 using a scientific notation (E notation). The
following examples are equivalent and all represent 5.6-107: 5.6*107, 5.6e7, and 5.6E7.

A comparison using a binary operator can be, for example x<1, which returns 1 (true) if xis smaller than
land O (false) otherwise. For a composite comparison such as 0<x<1, you can achieve it using (0<x)*(x<1).
An expression like 0<x<1 is possible to use but is evaluated as (0<x)<1, which for an x in

the interval is interpreted as 1<I and thus returns O instead of 1 for all such value of x.

For simulating “if statements”, use the if operator instead of logical expressions. If you use logical
expressions, values that are Inf can propagate to NaN, making a plot empty, for example.

118



I3 L %< COMSOL Multiphysics' Ke>SCO

The following operators are used for precedence, grouping, lists, and unit definitions:

TABLE 5-1: UNARY OPERATORS

OPERATOR DESCRIPTION
0 Parentheses for controlling precedence in expressions
3 Vector and tensor expressions

, Element separator in lists
) Scoping operator
(] Unit

The following list shows the precedence order for the operators above:

TABLE 5-4: PRECEDENCE LEVELS

PRECEDENCE SYMBOL DESCRIPTION

LEVEL

1 O{. Grouping, lists, namespace

2 A Power

3 -+ Unary: logical not, minus, plus
4 [ Unit

5 */ Multiplication, division

6 + - Addition, subtraction

Comparisons: less than, less than or equal, more than, more

7 <<=>>=
than or equal
8 === Comparisons: equal, not equal
9 && Logical and
10 [l Logical or
11 , Element separator in lists

Mathematical and Numerical Constants

The following table includes the built-in mathematical and numerical constants. The names of these
constants are reserved names. You cannot use such reserved constant names when creating user-
defined variables and parameters.

TABLE 5-5: MATHEMATICAL AND NUMERICAL CONSTANTS
NAME | DESCRIPTION

Floating-point relative accuracy (machine epsilon, 27°? or about
2.2204-107*%, for double floating-point numbers).

eps

i, J Imaginary unit, -1 .

Infinity, © . A value larger than what can be handled with floating- point
inf, Inf representation. Use the isinf and isnan operators to test if

expressions are evaluated as infinity or not-a-number, respectively.

Not-a-number. An undefined or unrepresentable value such as the
result of 0/0 or inf/inf,

pi Pi (about 3.141592653589793).

NaN, nan
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Mathematical Functions

The following list includes the built-in mathematical functions that you can use when defining
parameters and variables or directly in expressions in the physics interface or feature settings, for
example. The function names are reserved names that cannot be used for user-defined functions, but
they can be used for variable and parameter names. These functions do not have units for their input
or output arguments (unless where noted for trigonometric functions).

TABLE 5-6: BUILT-IN MATHEMATICAL FUNCTIONS

NAME | DESCRIPTION | SYNTAX

abs Absolute value abs (x)

acos Inverse cosine (in radians) acos(x)
acosh Inverse hyperbolic cosine acosh(x)
acot Inverse cotangent (in radians) acot(x)
acoth Inverse hyperbolic cotangent acoth(x)
acsc Inverse cosecant (in radians) acsc(x)
acsch Inverse hyperbolic cosecant acsch(x)

arg Phase angle (in radians) arg(z)

asec Inverse secant (in radians) asec(x)
asech Inverse hyperbolic secant asech(x)
asin Inverse sine (in radians) asin(x)
asinh Inverse hyperbolic sine asinh(x)
atan Inverse tangent (in radians) atan(x)
atan2 Four-quadrant inverse tangent (in radians) atan2(y,x)
atanh Inverse hyperbolic tangent atanh(x)
besselj Bessel function of the first kind besselj(n,z)
bessely Bessel function of the second kind bessely(n,z)
besseli Modified Bessel function of the first kind besseli(n,z)
besselk Modified Bessel function of the second kind besselk(n,z)
binomial Binomial coefficient (n)(k) binomial(n,k)
ceil Nearest following integer ceil(x)

conj Complex conjugate conj(x)

cos Cosine cos(2)

cosh Hyperbolic cosine cosh(x)

cot Cotangent cot(x)

coth Hyperbolic cotangent coth(x)

csc Cosecant csc(2)

csch Hyperbolic cosecant csch(x)

erf Error function erf(x)
erfinv Inverse error function erfinv(x)
Comta er e T 0O g
factorial Factorial of nonnegative integer factorial(n)
floor Nearest previous integer floor(x)
gamma Gamma function gamma (x)
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TABLE 5-6: BUILT-IN MATHEMATICAL FUNCTIONS
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NAME DESCRIPTION SYNTAX

gcd Greatest common divisor gcd(a,b)

imag Imaginary part imag(x)
Legendrg poly.nomlal and associated Legendre Tegendre(T,x)

Tegendre polynomial of integer degree and order (see

; ) legendre(1,m,x)

legendre for more information)

log Natural logarithm Tog(x)

log10 Base-10 logarithm Tog10(x)

log2 Base-2 logarithm Tog2(x)

max Maximum of two arguments max (x,y)

min Minimum of two arguments min(x,y)

mod Modulo operator mod (x,y)
Power for use with derivatives of expressions that need

poweps to be evaluated near zero (see poweps and poweps (x,n)
sqrteps for more information)

psi P§i function an.d its derivatives (psi(0,x) is the psi (k, %)
digamma function)

random Random function, uniform distribution random(x,y,..)

randomnormal Random function, normal (Gaussian) distribution randomnormal(x,y,..)

range Create a range of numbers (see Entering Ranges and range
Vector-Valued Expressions) (start,step,end)

real Real part real(x)
Round to closest integer or to closest number with

round specified precision p (number of decimal digits). For round(x) round(x, p)
negative p, round to closest integer number divisible P
by 10°(-p).

sec Secant sec(z)

sech Hyperbolic secant sech(x)

sign Signum function sign(x)

sin Sine sin(z)

sinh Hyperbolic sine sinh(x)

sphericaly Spher.ical harmonic function (see sphericaly for sphericaly .
more information) (1,m, theta,phi)

sphericalyr Real sphgrlcal ha'rmomc function (see sphericalyr sphericalyr .
for more information) (1,m,theta,phi)

sqrt Square root sqrt(x)
Square root for use with derivatives of expressions that

sqrteps need to be evaluated near zero (see poweps and sqrteps(x)
sqrteps for more information)

tan Tangent tan(z)

tanh Hyperbolic tangent tanh(x)

sernike Zermke polynom|a| function (see zernike for more zernike(n,m, r,phi)
information
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Physical Constants

Physical constants are fundamental, universal constants that represent physical quantities. COMSOL
Multiphysics includes the most widely used physical constants as built-in constants. Table 5-7 lists all
supported physical constants with their names, symbol (variable name), value, and SI unit. The values
are taken from Ref. 1 and include the SI unit.

TABLE 5-7: PHYSICAL CONSTANTS

NAME SYMBOL | VALUE

Acceleration of gravity g const 9.80665[m/s"2]

Avogadro constant N_A_const 6.02214076e23[1/mol]
Boltzmann constant k_B_const 1.380649¢-23[J/K]
Characteristic impedance of

vacuum (impedance of free Z0_const 376.730313461...[ohm] (mu0*c)
space)

Electron mass me_const 9.10938356e-31[kg]
Elementary charge e _const 1.602176634e-19[C]

Faraday constant F _const 96485.33289[C/mol]
Fine-structure constant alpha_const 7.2973525664e-3
Gravitational constant G_const 6.67408e-11[m"3/(kg*s"2)]
"2"‘7’13?;5"0'(1 e if;t‘:'n‘;ﬂ 9as @ty 1 const 22.413962e-3[m"3/mol]
Neutron mass mn_const 1.674927471e-27[kg]
Permeability of vacuum MU0 const 2*alpha_const*h_const/c_const/e_const/
(magnetic constant) - e _const (H/m)
Per‘m‘itt1:v1'ty of vacuum epsilon0_const 1/mu0_const/c_const/c_const (F/m)
(electric constant)

Planck’s constant h_const 6.62607015e-34[ J*s]
Planck’s constant over 2 pi hbar_const 1.05457180e-34[ J*s]

Proton mass mp_const 1.672621898e-27[kg]

Speed of 1light in vacuum c_const 299792458[m/s]
Stefan-Boltzmann constant sigma_const 5.670367e-8[W/(m"2*K"4)]
;2;"?2:161?;; constant (molar o 8.3144598[ J/(mol*K)]

Wien displacement law b_const 2.8977729¢-3[m*K]

constant

REFERENCE

1. The NIST Reference on Constants, Units, and Uncertainty, http://physics.nist.gov/cuu/Constants/
index.html
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There are special built-in operators available for modeling and for evaluating results; these operators
are similar to functions but behave differently. Many physics interfaces use these operators to
implement equations and special functionality. See Table 5-8 and the detailed descriptions that follow.

TABLE 5-8: BUILT-IN OPERATORS

atxd, atonly, noxd

ballint(r,expr),
ballavg(r,expr),
circint(r,expr),
circavg(r,expr),
diskint(r,expr),
diskavg(r,expr),
sphint(r,expr),
sphavg(r, expr)

bdf (expr,i)

bndenv (expr)

centroid(expr)

circumcenter(expr)

d(f,x)

depends (expr)
depends (expr,var)

dest(expr)

down (expr)

dtang(f,x)

or minimum.

Evaluation of expressions in extra
dimensions.

Evaluate the integral or average of the
expression on the specified shape with
radius r.

Apply backward differentiation formula
of order i on expression.

Evaluate the expression expr at the
coordinates of a particle or ray at a
boundary.

Evaluate the expression expr in the
centroid of the mesh element to which
the point belongs.

Evaluate the expression expr in the
circumcenter of the mesh element to
which the point belongs.

Differentiation operator. Differentiation
of f with respect to x.

True if expression expr depends on the
solution or var, respectively.

Evaluate parts of an integration coupling
expression on destination side.

Evaluate expression as defined in
adjacent downside.

Tangential differentiation of an expression f
defined on a boundary with

respect to a spatial dimension X.

OPERATOR DESCRIPTION LINK TO MORE
INFORMATION
adj (expr) EvaIlIJsi\t_e expression using the adjoint ad]
sensitivity.
at Access the solution at any time. at
atlocal Evaluate expression at given local atlocal
coordinates in each mesh element.
. Evaluate an expression at the time where
attimemax . . . ) . . .
) . another expression achieves its maximum attimemax and attimemin
attimemin

atxd, atonly, and noxd

ball, circle, disk, and sphere

bdf

env, bndenv, and noenv

centroid

circumcenter

Differentiation Operators:
d, pd, dtang, and frame.dt

depends

dest

up and down

Differentiation Operators: d,
pd, dtang, and frame.dt
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OPERATOR DESCRIPTION LINK TO MORE
INFORMATION
Integrate expression over each mesh
elemint(gporder,expr) | element using the specified Gauss point elemint
pattern.
Evaluate elementwise average of
elemavg(gporder,expr) | expression using the specified Gauss elemavg
point pattern.
eTemgpmin(gporder Evaluate elementwise minimum of
9p 9p ’ expression over Gauss points with the elemgpmin
expr) .
specified pattern.
eTemgpmax (gporder Evaluate elementwise maximum of
9p 9p ’ expression over Gauss points with the elemgpmax
expr) .
specified pattern.
. The square of the length of the global vector
emetric(exprx,expry) .
) (exprx, expry, exprz) computed inthe .
emetric(exprx,expry, emetric

exprz)

env(expr)

error(‘string’)

frame.dt(expr)

fsens(p) fsensimag(p)

gpeval (gporder,expr)
gpeval (gporder,expr,
exorder)

if(cond,exprl,expr2)

integrate(expr,var,
Tower,upper)

isdefined(variable)
isinf(expr)

isTlinear(expr)

isnan(expr)

jacdepends (expr)
jacdepends (expr,var)

mesh element’s own
metric.

Evaluate the expression expr at the
coordinates of a particle or ray in a
domain.

Generates an error with error message
string.

Compute time derivative with respect to
a specified frame

Functional sensitivity with respect to

control variable p. Functional sensitivity
with respect to imaginary part of control

variable p.

Evaluate expression in the specified
Gauss point pattern and extrapolate the
result to the input evaluation points.
Conditional expression evaluating the
second or third argument depending on
the value of the condition.

Evaluate integral of general expression with
respect to an integration variable over a real

interval specified by lower and
upper limits.

Returns one where the variable is defined
and zero where it is not defined.

True if expression evaluates to infinity.
True if expression is a linear function of
the solution.

True if expression evaluates to NaN
(not-a- number).

True if the derivative of the expression expr

with respect to the solution depends
on the solution or var, respectively.

env, bndenv, and noenv

error

Differentiation Operators:
d, pd, dtang, and frame.dt

fsens and fsensimag

gpeval

integrate

isinf and isnan

islinear

isinf and isnan

jacdepends
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OPERATOR DESCRIPTION LINK TO MORE
INFORMATION

Map an expression to a Lagrange field of a
laginterp(order,expr) @ specified order and then evaluate on laginterp
that field in each mesh element.
Evaluate an expression linearized at the
Tindev linearization point (when a linearization lindev
point is stored in the solution).

. Mark a load term to be used in a Linear .
Tinper _ linper
perturbation solver.

Access the linearization point (when a

Tinpoint linearization point is stored in the linpoint
solution).
Access the standard solution (for

Tinsol example inside Tinpoint or linsol
Tintotal).

Tintotal Access the sum of the linearization point lintotal
and linear perturbation.

Tintotalavg Evaluate average of Tintotal (expr) lintotalavg
over all phases.

Tintotalpeak Evaluate maximum of Tintotal (expr) lintotalpeak
over all phases.

Tintotalrms Evaluate RMS of Tintotal (expr) over lintotalrms
all phases.

Tinzero Evaluate expression with zero solution. linzero

mean (expr) Mean value of expression as evaluated on mean
adjacent boundaries.

nif(condl,exprl,..., Nested if operator. Evaluating the expr oif

condn, exprn,exprn+1) after the first cond to return true.

Evaluate an expression expr thatis
defined only on particles or rays, not the

bnd d

noenv (expr) domain or boundary where the particles env, bhdenv, and noenv

or rays are located.
nojac(expr) No contribution to the Jacobian. nojac

Differentiation operator. Differentiation of

. P . Differentiation Operators: d,
pd(f,x) f with respect to X. No chain rule for
. pd, dtang, and frame.dt

dependent variables.
ppr Polynomial-preserving derivative ppr and pprint

recovery.
pprint Polynomlal-—preservmg derlya‘uve opr and pprint

recovery within each domain group.
prev(expr,i) Evaluate expression at the 1th previous prev

time step.

Accurate evaluation of reaction forces

reacf(u) reacf(u,dim) reacf
and fluxes.

realdot(a,b) Treat complex numbers a and b as real realdot
2-vectors and return their dot product.

residual(expr) Evaluate last computed residual. residual
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OPERATOR DESCRIPTION LINK TO MORE
INFORMATION

scope.atenti(ent,
expr)
scope.ati(coordinate
exprs,expr)

Evaluate the mesh-independent
expression expr at an i-dimensional entity entity at
with number ent.

Evaluate the expression expr at an
i-dimensional entity in the point with
coordinates given by the coordinate
expressions coordinate exprs. For
example, compl.at3 for a 3D entity in a
component with the name compl.

scope.ati
(coordinate exprs,
expr, 'evaltype')

spatial at

Evaluate expression using the forward
sens(expr,i) sensitivity for the parameter given by the sens
second argument.

Define temporary constant in withsol
and withparam.

setconst(const,value) setconst

setind(par, index) Specify parameter index or parameter

) ] setind and setval
setval(par,value) value in withsol and withparam.

shapeorder(variable) The element order used for discretization shapeorder

of a variable.

Evaluate expression as defined in the

side(entity,expr) _ _ side
adjacent entity.
stddev(operator,argl Evaluate the standard deviation for an
P »argL, integration, projection, or summation stddev

2,...
arg2,...) operator
subst(expr, exprl_

. Substitute variables in an expression with
orig, exprl_

. . subst and substval
other variables or expressions.

subst,...)
substval(expr, vall_ | Evaluate an expression with the current

) i subst and substval
orig, vall_subst,...) values of variables.
sum(expr,index, Evaluate sum of general expression for all sum
lower,upper) indices from lower to upper.
test(expr) Test function operator. test

Integrate or compute the average of a

timeint, timeavg time- dependent expression over a time timeint and timeavg

interval.

Evaluate the maximum or minimum of
an expression over time.

timemax, timemin timemax and timemin

Treat expr as independent of the

treatasconst(expr) _ treatasconst
solution.
try_catch(tryExpr Attempt to evaluate tryExpr; but if
Y- YEXPT, this fails for any point, catchExpr is try_catch
catchExpr) .
evaluated instead.
Evaluate the flux associated to a
dependent variable u into the domains on Boundary Flux Operators:
uflux(uy, dfiux(uw the up and down sides of a boundary, uflux and dflux

respectively.
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OPERATOR DESCRIPTION LINK TO MORE
INFORMATION

up(expr) Evaluate expression as defined in up and down
adjacent upside.

;?;?;;?J;Ztﬁ e.ﬂ.(ilglamel, Variation operator. var

with Access specific solutions during results with
evaluation.

withparam(tag, expr) Access the solution parameters for the withparam
solution defined by solver tag.

withsol(tag,expr) Access solution defined by solver tag. withsol
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